In this paper we apply quantum hydrodynamics (QHD) to study the quantum evolution of a system of spinning particles and particles that have the electric dipole moments EDM in the rotating reference frame. The method presented is based on the many-particle microscopic Schrodinger equation in the rotating reference frame. Fundamental QHD equations for charged or neutral spinning and EDM-bearing particles were shaped due to this method and contain the spin-dependent inertial force field. The polarization dynamics in systems of neutral particles in the rotating frame is shown to cause formation of a new type of waves, the dipole-inertial waves. We have analyzed elementary excitations in a system of neutral polarized fluids placed into an external electric field in 2D and 3D cases. We predict the novel type of 2D dipole-inertial wave and 3D -polarization wave modified by rotation in systems of particles with dipole-dipole interactions.
I. INTRODUCTION
Over many years scientists paid attention to the effects occurring in the non-inertial frames. The influence of the inertial effects on electrons have always been the main focus of most studies, starting with those that belong to Barnett and Einstein -de Haas 1 , 2 . Recently the influence of rotation in spintronic applications has been noticed. The spin-dependent inertial force in an accelerating system under the presence of electromagnetic fields have been derived from the generally covariant Dirac equation 3 . It was shown that mechanical vibration in a high frequency resonator can create a spin current via the spin-orbit interaction augmented by the linear acceleration. The enhancement of the spin-rotation coupling due to the interband mixing was predicted in Ref. 4 . The theoretical investigation of the inertial effects' influence on the spin dependent transport of conduction electrons in a semiconductor was reviewed in Ref. 5 . Equations of motion for a wavepacket of electrons in the two-dimensional planes subject to the spin-orbit interaction were derived in 6 , using the inertial effects due to the mechanical rotation. The author obtained a superposition of two cyclotron motions with different frequencies and a circular spin current.
A homogeneous fluid rotating with constant angular velocity leads to the emergence of an unusual class of inertial waves spreading in the interior of the fluid or inertial waves 7 -11 . Inertial waves, caused by fluid rotation, are circularly polarized waves with a sense of rotation fixed by their helicity. Inertial waves have many important features and play an important role in Geophysics 11 , 13 , in evolution of liquid planet core 14 , 15 , rotating stars 16 . The restoring force for such kind of waves in the rotating frame of reference is the Coriolis force, which leads a) Faculty of physics, Lomonosov Moscow State University, Moscow, Russian Federation; Electronic mail: mar-tiv@yandex.ru to the circular motions of fluid elements. Large-scale geophysical and astrophysical flows are populated by a great variety of internal waves, some maintained by density stratification (internal gravity waves), some by the background planetary or stellar rotation (inertial waves), and yet others by the large-scale magnetic fields which thread through interplanetary space and are generated in the interiors of planets and stars (Alfven waves) 8 .
The investigation of inertial waves had been implemented in various geometries. The viscous flow inside a closed rotating cylinder of gas subjected to periodic axial compression had been investigated numerically 17 . An experimental study of inertial waves in a closed cone had been presented 18 , in which the inertial waves are excited by a slight periodic oscillation superimposed on the cone's basic rotation rate.
The experimental visualization of inertial waves had been realized using particle image velocimetry 19 . The author presented direct visualization of the velocity and vorticity fields in a plane normal to the rotation axis and determined the characteristic wavelength. The dynamics of the anisotropy of grid-generated decaying turbulence in a rotating frame had been experimentally investigated by means of particle image velocimetry on the large-scale "Coriolis" platform 20 , 21 .
The dipole-dipole interactions are the longest-range interactions possible between two neutral atoms or molecules and occur in many systems in nature. This interaction is one of the most important interactions between atoms or molecules. In recent years much attention is paid to the effect of the intrinsic electric dipole moment (EDM) on the characteristics of charged and neutral particle systems. The propagation of perturbation of EDM does not require much energy as it occurs without mass transfer. This process may be used in the information transfer. In biological systems, for example, polarization processes, i.e. EDM propagation, are the predominant way of signal transfer 22 , 23 .
Dipole-dipole interactions, are studied and manipulated in Rydberg atoms, provide a strong coupling bearXiv:1610.09848v1 [physics.plasm-ph] 31 Oct 2016 tween atoms in an ultracold Rydberg gas, because these atoms have high principal quantum number and have large electric transition dipole moments compared to ground state atoms 24 , 25 . This interaction can be tuned into resonance with a small electric field. This feature of Rydberg atoms can be used in quantum computing 26 , in the quantum information processing with cold neutral atoms 27 . Generation of entanglement between two individual Rydberg Rb 87 atoms in hyperfine ground states had been observed in 26 using Rydberg blockade effect. Dipole-dipole interactions between Rydberg atoms had been first observed by Raimond using spectral line broadening 28 . In the magneto-optical trap ground-state atoms are cooled down to 100K by laser cooling 29 . Recently it has been shown that Rydberg excitation densities in a magneto-optical trap are limited by these interactions 30 . Another way is deceleration and trapping of Rydberg atoms by static electric fields 31 . Resonant electric dipole-dipole interactions between cold Rydberg atoms had been observed using the microwave spectroscopy 32 . The attraction of Rydberg atoms is that it is possible to tune the Rydberg energy levels through resonance for the dipoledipole energy transfer. The investigation of the properties of a cold ( 100K) and dense ( ∼ 10 10 cm −3 ) atomic Rydberg Cs gas had been studied in 33 using a "frozen Rydberg gas" model. Classical methods were used previously to create a description of the collective dynamics of particles in the rotating frame that takes into account the inertial effects 7 -10 . We will use a quantum mechanics description for systems of N interacting particles is based upon the manyparticle Schrodinger equation (MPSE) that specifies a wave function in a 3N-dimensional configuration space of inertial frame. The many-particle quantum hydrodynamics in the inertial frame was investigated in Refs.
34
-38 . As wave processes, processes of information transfer, diffusion and other transport processes occur in the three-dimensional physical space of rotating frame, a need arises to turn to a mathematical method of physically observable values which are determined in a 3D physical space. To do so we should derive equations those determine dynamics of functions of three variables, starting from MPSE in the rotating frame. This problem has been solved with the creation of a method of manyparticle quantum hydrodynamics (MPQHD) in the noninertial frame.
II. CONSTRUCTION OF FUNDAMENTAL EQUATIONS AND THE MODEL ACCEPTED
In this section we derive the many-particle quantum hydrodynamics (MPQHG) equations from manyparticle Pauli-Schrodinger equation (MPSE). We receive the equations for the system of charged particles with spins. Method of MPQHG allows to present dynamic of system of interacting quantum particles in terms of functions defined in 3D physical space. It is important at investigation of wave process, which take place in 3D physical space.
For the beginning we present the one-particle Hamiltonian in the rotating frame which can be derived from the fundamental equation for spinning particle in a curve space-time
where c, and q are the speed of light, the Planck constant and charge of an electron respectively, Γ µ is the spin connection 3 . The 4−spinor wave function ψ contains the spin-up and spin-down components. The Hamiltonian for the system of charged particles contains the terms of the induced electric and magnetic fields due to inertial effect and can be obtained from the one-particle Dirac equation (1). The many-particle Hamiltonian in the rotating frame can be obtained aŝ
We consider a system of N interacting particles. The following designations are used in the Hamiltonian (2):
where A ext , ϕ p,ext -are the vector and scalar potentials of external electromagnetic field, µ p = gµ B /2, µ p -is the electron magnetic moment and µ pB = q p /2m p c is the Bohr magneton, q p stands for the charge of electrons q e = −e or for the charge of ions q p = e, and is the Planck constant, g 2.0023193, m p denotes the mass of particles, c is the speed of light in vacuum. In this case the many-particle Pauli-Schrodinger equation for quantum particles motion in the external fields in the rotating frame has the form
where R = ( r 1 , ..., r N ) and Ψ(R, t) is the rank−N spinor.
The first term at the right-hand side of the (3) gives sum of kinetic energies of all particles, it contains long derivative including action of the vortex part of the external electromagnetic field on the particle charge. The second term in (3) describes potential energy of charges in the external electric field. The third term describes the Zeeman effect with an external magnetic field and represents the Zeeman energy. The fourth term in (3) presents the Coulomb interaction between particles and the last term characterizes the spin-spin interactions. Green functions of the Coulomb and spin -spin interactions are
. The Hamiltonian (4) characterizes the inertial effects. The first term in (4) describes the mechanical rotation coupling with the angular momentum of particles r p ×D p and leads to the Euler, Coriolis and centrifugal forces in the equation of motion. The second term is the spinrotation coupling and results in the Barnett effect. The spin-rotation coupling can be unified with the Zeeman energy µ pσp · (B p + B Ω ) using the effective Barnett field of the particle B Ω = cm p Ω/q p .
The spin-orbit coupling is characterized by the terms of Hamiltonian (5). The first term on the right-hand side represents the interaction of internal angular momentum or spin with the external electric field and the second term describes the effect of the Coulomb electric field on the spin. The third term in the Hamiltonian (5) describes the influence of the effective electric field on the moving spin in the inertial frame. The effective spin-dependent electric field arises in the rotating frame.
The first step in the construction of MQHD apparatus for the inertial frame is to determine the concentration of particles in the neighborhood of r in a physical space. If we define the concentration of particles as quantum average of the concentration operator in the coordinate representationn = N p δ(r − r p ) we arrive at the conclusive definition for the concentration
We will use the definition for the average value of the physical quantity f (R, t) of the particles
Differentiation of n(r, t) with respect to time and applying of the Pauli-Schrodinger equation with Hamiltonian (2) leads to continuity equation in the rotating frame
where the current density vector takes a form of
In the definition for the current density vector (10) we use the current operator of i-th particle in the form
We derive the velocity of i-th particle v p is determined by equation
where the second term in the definition (12) is the rotational velocity characterizing the effect of mechanical rotation. The effective electric field E ef f consists of the external electric field, the Coulomb internal field and the internal electric field originating from the mechanical rotation. It was shown that this field effects due to the spin-orbit interaction SOI with the mechanical rotation and can be displayed in the large SOI systems. In general case v p (R, t) depends on the coordinate of all particles of the system R, where R is the totality of 3N coordinates of N particles of the system R = (r 1 , ..., r N ). The S(R, t) value in the formula (12) represents the phase of the wave function
where φ, normalized such that φ + φ = 1, is the new spinor. Velocity field v(r, t) is the velocity of the local centre of mass in the rotating frame, is measured in the inertial frame and indicates a quantity measured in the rotating frame j(r, t) = n(r, t)v(r, t),
where the quantum equivalent of the thermal speed is determined as u p (r, R, t) = v p (R, t) − v(r, t). We differentiate the momentum density (10) with respect to time and apply the many-particle Pauli-Schrodinger equation to time derivatives of the wave functions Ψ(R, t). As a result, a momentum balance equation can be obtained in the form
where
(16) represents the momentum current density tensor and F represents a force field including the Coriolis, centrifugal and Euler forces in the rotating frame. We introduce the separation of particles thermal movement with velocities u p (r, R, t) and the collective movement of particles with velocity v(r, t) in equations of continuity (9) and of the momentum balance (15) . For that we substituted the wave function (13) in the definition of the basic hydrodynamical quantities. The momentum current density tensor (34) will has the new form of
As we can see, the kinetic pressure tensor and quantum pressure tensor appear in the definition for the momentum current density tensor.
is the tensor of kinetic pressure and
where the first term is the Madelung quantum potential. This tensor is proportional to 2 , has a purely quantum origin and can therefore be interpreted as an additional quantum pressure. The second term characterizes the force produced by the self-interactions of the spins s p .
Taken in the approximation of self-consistent field, the continuity equation and momentum balance equation in the rotating frame have a form
mn(r, t)(∂ t + v∇)v(r, t) = en(r, t)E(r, t) + e c n(r, t)v(r, t) × B(r, t) − ∇ β p β (r, t)
where n, m and v denote the density, mass and fluid velocity, E and B are the electric and magnetic fields in the rotating frame, p β is the thermal pressure tensor, s 2 = 1− < a 2 ξ p · ξ p > /n is the macroscopic spin angular momentum, where ξ p is the thermal fluctuations of the spin about the macroscopic average. The first two terms describe the interaction with external electromagnetic field. As we can see, the transformations to the ro-tating frame of reference does not change the continuity equation (20) . The first term at the right side of the equation (21) represents the effect of external electric field on the charge density and the second term represents the Lorentz force in the rotating frame. The fourth term at the right side of the equation (21) is a quantum force produced by quantum Madelung potential. The fifth term is the effect of non-uniform magnetic field on the magnetic moment. The fifth term appears in the equation of motion (21) through the magnetization energy and represents the Stern-Gerlach force due to the coupling between magnetic moment and magnetic field. The sixth term at the right side of the equation (21) is the spin force, produced by the spin stress 38 . The spin stress in the oneparticle model was derived by Takabayasi 39 . This development was performed using the postulate that a corpuscle of mass is embedded in the spinor wave. Spinor, in that way, is represented in terms of the spacetimedependent Euler angles which define the orientation of the triad relative to the fixed set of Cartesian axes 40 , 41 . In the context of this representation the spinor wave must constitute a new form of physical field that affects on the corpuscle of mass moving within it.
The seventh term on the right side of equation (21) represents the spin-rotation coupling. The eighth term is the inertial force density in the rotating frame
where the displacement vector
and
The force field (22) depends on the mechanical rotation velocity Ω and leads from the coupling between the mechanical rotation and angular momentum (4). The first term at the right side of the (22) is the Coriolis force density, the third term represents the centrifugal force density, the second and forth terms form the Euler force field density. The main features of the Coriolis force that this force cannot do work on the fluid and strives to deflect a fluid particle in a direction perpendicular to its instantaneous velocity. The last term on the right side of equation (21) is the spin-orbit force field density.
A. Equation for the evolution of displacement vector
To close the QHD equations set (20) , (21) we derive equation for the displacement evolution. If we differentiate the definition for displacement (23) with respect to time and apply the Schrodinger equation, the required equation for the displacement evolution can be obtained
We have two ways to close the QHD equations set. The first one is to express Λ β in terms of n, υ and P using additional assumptions or experimental data. The other way is to derive the equation for evolution Λ β in the same fashion it was accomplished previously for other material fields. Now the evolution equation Λ β occurs in the form of
The first two terms describe the interaction of particles with external electromagnetic field. The next terms represent the inertial forces.
B. Equation for the spin evolution
To close the equations set (20) and (21) we derive equation for the spin evolution. If we differentiate the definition for spin-polarization
with respect to time and apply the Pauli-Schrodinger equation with the Hamiltonian in the rotating frame, the required equation for the spin evolution s without thermal effects can be obtained
The first term at the right side of the equation (27) represents the torque caused by the interaction with the external magnetic field and the magnetic field of the spinspin interparticle interactions in the rotating frame. The second term is the spin rotation coupling term in the rotating frame and can be interpreted as the torque caused by the interaction with effective magnetic field B Ω introducing the Barnett effect to the right side of equation (27) . The third term is the spin torque 39 . The fourth term characterizes the torque resulting from spin-orbit coupling in the effective electric field. The magnetic moment flux tensor occurs in this equation (27) in the form
We introduce the thermal fluctuation w p (r, R, t) = s p (R, t) − s(r, t) of the spin about the macroscopic average s(r, t) which determined in the neighborhood of r in a physical space. Using the Madelung decomposition of the N-particle wave function (13) we have obtained the definition for the magnetic moment flux tensor in the rotating frame
where we introduce the definition for the thermal flux density tensor
We have two ways to close the equations set. The first one is to express J β M (r, t) in terms of n(r, t), v(r, t) and s(r, t) using additional assumptions or experimental data. The other way is to derive the equation for evolution J β M in the same fashion it was accomplished previously for other material fields.
C. The evolution of polarization in the rotating frame
The evolution of polarization for the particles with the electric dipole moment (EDM) can be derived using a method of quantum hydrodynamics. We receive the equations for the system of charged particles with EDM. We research the fluid of EDM-having polar particles (polar molecules). Obtaining equations could be used for neutral particles with the EDM as well. Method of quantum hydrodynamics allows to present dynamic of system of interacting quantum particles in terms of functions defined in 3D physical space in the rotating reference frame. The many-particle Hamiltonian for the EDM-having particles in the rotating reference frame has the formĤ =Ĥ 0 +Ĥ rotor (31)
The new third term in (32) is considered in the Hamiltonian of particles through the dipole energy in the external electric field. The fourth term in (32) presents the Coulomb interaction between charged particles and the last term characterizes the dipole-dipole interactions between dipoles, where G αβ pn = ∂ α p ∂ β n /r pn . From the many-particle Hamiltonian (31) the required equation for the polarization evolution can be obtained as
where the polarization vector field of the EDM-having particles has the form
and a polarization current can be derived in the form
III. WAVE OF POLARIZATION
A. The inertial frame
We investigate the system of neutral particles resides in a uniform electromagnetic field. It is also assumed that interactions make the largest contribution into the changes in R β 36 . If so then we use the equation (34) and the equation for the polarization current density evolution
The term on the right hand side of (37) characterizes the dipole-dipole interactions between the particles. This allows the analysis of polarization waves in a system of neutral particles. If we derive a solution for eigenwaves in a 2D system the dispersion equation has a form of
where β(k) is defined by the relation
here ξ = r 0 k, r 0 there is an ionic or molecular radius and k = k 2 x + k 2 y is a modulus of the wave vector. As λ min = 2π/k max > 2r 0 then ξ ⊂ (0, π). The dispersion dependence (38) is presented on fig. (1(a) ).
In 1D case ω(k) occurs as where
The quantity (41) is presented on Figs. (1(a) ). The dispersion relations (38) and (40) characterize the waves of polarization in the system of neutral particles with dipole moments. This waves exist on a level with the acoustic waves. Equations of continuity (20) and of the momentum balance (21) herein describe the dynamics of the acoustic wave. Dispersion branches of a novel type that occurs due to the polarization dynamics were discovered in various physical systems 36 . The waves of electric polarization we discovered possess the following featuretheir frequencies ω tends to zero provided that k → 0.
B. Dipole-inertial wave
2D-eigenwaves
In this section we consider the fluid of neutral particles in the rotating reference frame. We derive disper- sion characteristics of eigenwaves in 2D systems of neutral particles that take account of the EDM collective dynamics. The particles are assumed here to localize on a xy -plane and reside in a uniform electromagnetic field orthogonal to the plane xy. For simplicity the centrifugal force is neglected and only the effects of the Coriolis force are taken into consideration |Ω × (Ω × P)| << 2|nΩ × v| the equation (37) transforms into
and to close the equation (42) we use the equation for the polarization evolution (34) . If we derive a solution for eigenwaves in a 2D system the dispersion equation has a form of
the dispersion relation characterizes the 2D-polarization wave modified by rotation ( fig. 2(b) ), where the z axis is directed along the rotation axis Ω = Ωz.
3D-wave
To analyze 3D systems we use the set of equations (34) and the polarization current density equation. The equation for the polarization current density in the rotating frame and in the approximation of the self-consistent field has the form of
where the total electric field E leads from a field equa-
Here z axis is directed along the rotation axis, D 0 = D z and two-dimensional position vector r ⊥ is directed in the xy plane normal to the rotation axis, a wave number k is the component of the three-dimension wave vector along the rotation axis and k ⊥ is the wave vector in the xy plane. These equations give the dispersion low 
and another represents the polarization wave modified by rotation
In this paper the method of QHD was developed for spin-bearing and EDM-bearing particles in the rotating frame. QHD equations are a consequence of MPSE in which particles interaction is directly taken into account. The system of QHD equations we constructed is comprised by equations of continuity (20) , of the momentum balance (21) and of the spin evolution equation (27) . Using the developed method we derived the inertial force field (22) which consists of the Coriolis force density, the centrifugal force density and of the Euler force field density. We close our system of equations by the displacement evolution equation (II A). In our studies of wave processes we used a self-consistent field approximation of the QHD equations. In this paper we also analyzed wave excitations caused by EDM dynamics in systems of charged and neutral particles in the rotating frame. For this purpose we derived the polarization evolution equation (34) and the polarization current for 2D systems (42) and 3D fluids (44). Waves in a 2D fluid of EDMbearing neutral particles in various physical dimensions were considered. The effect of mechanical rotation on the polarization dynamics was derived. Dispersion branches of a novel type that occurs due to polarization dynamics in the rotating frame were discovered for 2D (43) and 3D (45) physical systems with dipole-dipole interactions. Transfer of polarization disturbances plays a major role in the information transfer in biological systems. Such processes do not require particles of the medium to possess EDM as the dynamics of a system of charged particles leads to collective polarization.
